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Given a singular elliptic operator 
Lu - --- I& (aij e, + cu 
whose coefficients are defined in an unbounded domain G C En, it is of 
interest to determine as closely as possible the nature of the spectrum of the 
self-adjoint boundary value problem 
Lu = Au in G 
u=o on i3G. (2) 
Our principal result is an abstract theorem which leads to rather general 
conditions under which the g.1.b. of the spectrum of (2) cannot be an eigen- 
value. This leaves the possibility that the spectrum of (2) may have eigenvalues 
superimposed on the continuous spectrum or contained in gaps in the 
continuous spectrum. However, in many physical situations it is the appear- 
ance of eigenvalues “below the continuous spectrum” which is of principal 
interest, and it is this possibility which our results preclude. 
Rather than work with the boundary value problem (2) directly, we first 
consider an abstract semi-bounded symmetric operator L defined in a Hilbert 
space s?. The domain of L is to be a linear manifold % which is dense in X’. 
Without loss of generality, we assume that (Lu, U) > 11 u 11s for all u E%‘, so 
that 111 u llla = (Lu, u) d e fi nes a norm on Y?. The Friedrichs extension of L 
will be denoted by L; it is well known that, if A, is the g.1.b. of the spectrum 
of L, then 
A, = i& $q . 
> 
THEOREM 1. Suppose there exists an ismnetry V dejined on 2’ for which 
(i) VuEWfbrallu~~; 
(ii) (LVu, Vu) < (Lu, u) for ewery u E V. 
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Then if A, is an eigenvaiue of L, an eigenvector corresponding to A,, belongs to 
WY, the range of V. 
REMARK. If V is the identity, the theorem is trivial. The point is that, 
in applications, we can find completely nonunitary V’s which satisfy the 
hypotheses. 
PROOF OF THEOREM 1. Suppose p is a normalized eigenvector of L corre- 
sponding to ha , so that v belongs to the completion of 5%’ under (/( * 111 . 
Choosing {TV} E V such that jj p,, jj = 1 for all n and 
we have 
and 
Therefore {P)~} is a minimizing sequence for (Lu, u), and, using (i) and (ii) we 
have 
and 
Therefore, Vpl, is also a minimizing sequence for (Lu, U) and by (3) 
According to a theorem of Mikhlin [2; p. 321, every convergent normalized 
minimizing sequence for (Lu, u) converges to an eigenvector of E correspond- 
ing to &, . Thus V~I is such an eigenvector as was to be shown. 
We remark that the choice pn = 9, might at first seem to suffice, but we do 
not know in advance that Vp’ is in the domain ofL. 
As an immediate consequence we have the 
COROLLARY. Suppose that the hypotheses of Theorem 1 are satis$ed and, 
in addition, !lJl n LX?” = {0}, where GUI is the space spanned by the e&enoectors of 
L. Then i&u(L) is not an e&m&e of L. 
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In order to apply these results to an elliptic operator L, we shall assume the 
coefficients of (1) satisfy 
(i) aij E C2 for all x E G; aij = aji; 
(ii) C a&& > 0 f or a 11 x E G u 2G and all complex n-tuples (& ,..., &,); 
(iii) c(x) is Holder continuous. 
These conditions assure the validity of a unique continuation principle [3] 
which asserts that any solution of Lu = Xu which vanishes on an open subset 
of G must vanish identically in G. In the applications below 9ZV will consist 
of functions which vanish on an open subset of G, and therefore the unique 
continuation theorem will constitute the additional hypothesis of the Corol- 
lary. 
The symmetric operator of Theorem 1 will be obtained by applying (1) 
to F,“(G)-i.e., to the class of infinitely differentiable functions with compact 
support in G, which is well known to be dense in Z2(G). 
It is assumed that (Lu, U) is bounded below for all u E g:(G) and that aG 
is sufficiently smooth so that functions in the domain of E satisfy u = 0 on 
aG+ 
In case G is an exterior domain in E3, we choose the origin of the coordinate 
system inside the barrier B = E3 - G and define for t 2 0 
V&, 0, Y> = 1_;_4.(r - t, 8, #) for rat 
= 0 for Y < t. (4) 
If B is star-shaped with respect to the origin, I/, maps .P2(G) into P(G) 
for all t 3 0. If B is not star-shaped, but bounded, we can still always find a 
T > 0 such that Yt maps P(G) whenever t 3 7’. A routine calculation 
shows that under either of these cases, I/‘, is an isometry on P(G) which 
also maps g;(G) into itself. For 
L=-A+c 
we also have 
(Lu, u) = j [u,2 + c(r, 0, #) u"] d% 
G 
(LV,% VP) = j, [ur” + c(y + t, 0, $1 u”l dx, 
for all 24 E %?T, so that hypothesis (ii) of Theorem 1 is satisfied whenever 
C(Y + t, 8, 4) < C(Y, 0, Z/J). Finally, the unique continuation theorem asserts 
that for t > 0 any solution of Lu = hu which belongs to WV,, is identically 
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zero in G. Thus the hypothesis of the Corollary is also satisfied and we can 
conclude by Theorem 1 that h, is not an eigenvalue of 1. 
In order to draw similar conclusions about the more general case (2), we 
note [4] that under very mild additional assumptions about C(Y, 8, $), namely 
c=;- Rr2 near co, k > 0, (5) 
L is essentially self-adjoint on the class of infinitely differentiable functions 
which vanish on aB and near co. Since this class belongs to the domain of& 
it follows that E represents the only self-adjoint realization of (2). We sum- 
marize these results as follows. 
THEOREM 2. Suppose that (5) is satisjed and there exists a t > 0 such that 
(4) dej%es a mapping of Pz(G) into itself and C(Y + t, 0, +) < C(Y, 8, #) for all 
(Y, 0, 4) E G. Then the greatest lower bound of the spectrum of (2) with 
L = - A + c(x) is not an eigenvalue. 
Theorem I can also be applied to the operator (1) in an unbounded domain 
G satisfying 
G C (x ) x, > 0} 
G 3 {x [ x1 = x2 = a** X,-l = 0, x, > 0). 
As illustrated by the Helmholtz resonator (a semi-infinite cylinder with a 
sufficiently large bulb at the finite end), the boundary value problem (2) 
on G may well have eigenvalues “below the continuous spectrum.” However, 
Theorem 1 enables us to formulate a geometric condition which will preclude 
this situation. 
We assume that there exists a t > 0 such that the translation of G by a 
distance t in the positive x, direction is contained in G. For such t we define 
V&, x,) = up, x, - t) xfl > t 
= 0 xfl < t, (6) 
where fl denotes the coordinates x1 ,..., xs-r . Clearly V, is an isometry on 
P(G) which maps %7:(G) into itself, If furthermore, 
C %j(*, xn) Sifj d C %j(2, Xn - t, Sifj (74 
for all (2, x,J E G and all complex n-tuples ([r ,.,., 4,); 
4% %) d c(% x,-t> for all x E G; PI 
then the hypotheses of Theorem 1 and its corollary are satisfied. We sum- 
marize in 
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THEOREM 3. Zj there exists a t > 0 such that (6) de$nes a mapping of-P(G) 
into itself and if (7) is satisjied, then info(z) is not an eigenvalue. 
Using [4] one can again extend the conclusion of Theorem 3 to the bound- 
ary value problem (2) by noting that L is essentially self-adjoint on the class 
of Vz functions vanishing on 8G and near cc whenever c(x) 2: - km2 
for some real k and the a,j are bounded. 
REMARKS. 1. If the hypotheses of Theorem 3 are satisfied for aery 
t > 0, then it can be shown [5], [6] by techniques quite different from those 
used above that the boundary value problem (2) has a purely continuous 
spectrum. These results raise the question of whether one can extend Theo- 
rem 1 to determine criteria for a purely continuous spectrum by assuming the 
existence of a semigroup of isometries V, defined for t 3 0 and satisfying 
V” = 1 
(LV,u, Z’,u) f (LV,u, V,u) whenever t < s. 
2. If the domain G of Theorem 3 becomes narrow as X, -+ co, then V, 
may not define an isometry from -P(G) into P(G) for any t > 0. This 
fact is consistent with the results of [7] w h ere it is shown that the spectrum of 
f, is discrete if G becomes narrow in an appropriate sense as x, -+ 00. 
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